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Solution-processed semiconductor nanocrystals offer a versatile and promising gain medium for light amplification applications [1] [2] [3] [4] owing to their broad spectral tunability 1, 5, 6 , low-cost production and flexibility of using them in a broad range of matrices 1, 4 . As a consequence, the utilization of colloidal semiconductor quantum dots (CQDs) as a gain medium has been experiencing a tremendous growth in the last few decades. In addition, alternative nanoemitters e.g., semiconductor nanorods 7 and perovskite nanocrystal 8, 9 , have recently emerged as an auspicious gain material for stimulated emission and lasing. Yet another promising candidate, colloidal semiconductor quantum wells (CQWs), the so-called nanoplatelets (NPLs) [10] [11] [12] , have been shown to be excellent in optical gain applications thanks to their giant oscillator strength 13 and ultralarge modal gain coefficient 14 . Using different heterostructures of NPLs allows for ultra-low amplified spontaneous emission (ASE) thresholds 10, 12 . However, their gain performance still suffers from nonradiative Auger recombination, wherein the released energy from recombination of the electron-hole is transferred to a third carrier. In common II-VI semiconductor nanocrystals, because of the non-unity degeneracy of the electron and hole states involved in emission, light amplification requires an ensemble-averaged number of excitons per nanocrystal greater than one (〈 〉 > 1), thereupon multi-excitonic Auger recombination strongly affects the dynamics of the carriers.
Previously, various efforts have been reported to tackle the issue of the fast Auger decay in nanocrystals including the smoothing of their confinement potential 15 and introducing the optical gain in single-exciton regime 2, 7, 16 . These methods have been shown to effectively enhance the optical gain performance of CQDs either by reducing influence or inactivating of the Auger process. On the other hand, in atomically flat CQWs, significant reduction in ASE and lasing threshold have previously been obtained in core/shell 12 and core/crown 10, 11 heterostructures. Here, we report optical gain in sub-single exciton regime ( 〈 〉 < 1 ) in quasi-type-II CdSe/CdS@Cd1-xZnxS core/crown@gradient-alloyed shell (C/C@GS) CQWs tailored as a promising and novel solution for suppression of the Auger process with their smooth confinement potential, presenting an important step towards the evolution of semiconductor CQW lasers. We demonstrated an exceptionally low stimulated emission threshold of ~820 01 , corresponding to an average number of e-h pairs of 0.84 per NPL, which is also fully supported by nonlinear absorption measurements through ultrafast transient absorption spectroscopy. Sub-single exciton optical gain regime is also confirmed by linear dependence of the normalized absorption changes.
The extremely large absorption cross-section (5.06 × 10 -13 cm 2 ) of our engineered NPLs, accompanied by an extremely large net modal gain coefficient of ~1,960 cm -1 , and a long net optical gain lifetime of ~830 ps result in such ultra-low optical gain thresholds and lead to record long stable ASE. Employing specifically engineered core/crown@gradient-alloyed shell heterostructures, we present a linearly polarized single-mode lasing from a vertical cavity surfaceemitting laser enabling a record low lasing threshold of ~7.46 01 .
For this study, we synthesized CdSe/CdS@Cd1-xZnxS C/C@GS CQWs with a carefully controlled different number of Cd1-xZnxS alloyed gradient shell monolayers (MLs), tuned from 2 to 6 MLs, grown on the seed of 4-ML CdSe/CdS core/crown NPLs by using colloidal atomic layer deposition (c-ALD) method 19 . Owing to the tuned gradient alloyed shell of the NPLs, electron wavefunction feels soft potential confinement in the vertical dimension and is largely relaxed into the shell due to the small conduction band-offset, while the hole wavefunction is mostly confined in the core The is calculated based on the method that we discussed in our previous study 20 (see SI). As shown in Figure 2a , the band-edge absorption is gradually bleaching with increasing 〈 9 〉 and the transition to optical gain occurs when the absorption bleaching (Δ < 0) is greater than the 8 absorption of the unexcited sample ( 9 ), therefore resulting in a negative net absorption ( < 0). ? J = 1 (Fig. 2b) . In addition, the growth of |∆ | follows a nearly linear function (red dashed-line) at initial values of 〈 9 〉 (Fig. 2b) , this feature validates the sub-single exciton level of optical gain in these NPLs. Similar behavior was previously reported for type-II CQDs 16 , where the optical gain occurs in the single-exciton regime.
To investigate the dynamics of the different e-h pair NPL states, we plotted the pump-dependent normalized average e-h pair populations 〈 ( )〉 per NPL at the peak position of stimulated emission ( ABC = 647 nm) ( of sub-single exciton gain regime, the inherent gain kinetics is characterized by the radiative single exciton lifetime, which is intrinsically much longer than the Auger decay lifetime.
Moreover, by performing the method as described above, we calculated the biexciton Auger recombination rate for 2, 3, 5, 6 MLs shell thicknesses. As can be seen in Figure 2e , the biexciton
Auger decay rate exhibits a non-monotonic dependence on to the thickness of the shell. The origin of this behavior is the thickness-dependent oscillations in the overlap of the initial and final wavefunctions of the electron in the second exciton as previously shown in core/shell NPLs 22 . The temporal nonlinear absorption ( ) in the case of 4 ML thick shell at the ASE peak position for Figure 2f , in which the shaded region ( < 0) corresponds to net optical gain. Here the gain lifetime was found to be ~830 ps from the intersection of the experimental data by the line of = 0. As expected, this value is very close to the biexciton Auger decay lifetime (750 ± 50 ps). It is worth mentioning that Auger recombination is suppressed in our engineered NPLs, while for simple core, core/crown and core/shell NPLs, the Auger decay lifetime was reported to be typically 150-500 ps 17, 18, 22 . The longer biexciton Auger life time in the gradient alloyed shell NPLs can be attributed to the significant reduction in the strength of the intraband transition as a result of the smooth potential confinement 23 . The fine grading of the confinement potential also contributes to the single-exciton gain regime in our gradient alloyed shell NPLs by suppressing Auger 15, 23, 24 . The abrupt interfaces were shown to exhibit higher Auger rates as a result of the larger overlap between the initial and final states of the intraband transition 15, 23 .
Next, we investigated the light amplification of CdSe/CdS@Cd1-xZnxS C/C@GS CQWs, particularly for 4-MLs shell thickness by performing ASE and variable stripe length (VSL)
measurements via stripe geometry excitation of the femtosecond mode-locked laser at 3.1 eV (see Methods). We prepared close-packed thin films of the engineered NPLs via spin-coating technique. The thickness of the ASE and VSL samples is 150 ± 20 nm. Pump-dependent PL spectra of the ASE measurement are shown in Figure 3a . As can be seen, by increasing the pump fluence, The lowest excitonic energy state (heavy-hole excitonic transition (1hh-1e)) is shown in Figure 3c , where the stimulated emission is largely Stokes-shifted with respected to the 1hh-1e excitonic feature. This major Stokes shift (~17 nm) significantly reduces the re-absorption of the emitted photon, a critical loss mechanism in optical gain, avoiding which leads to a remarkably reduced
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ASE threshold and sub-single exciton optical gain regime. As seen in Figure 3c , the ASE peak emerges at the reddish tail of the absorption where the emitted photon at the ASE wavelength is absorbed insignificantly. This phenomenon was observed in gain media of colloidal CQDs 2 ,
epitaxially-grown II-VI quantum well lasers 25 and organic-dyes 26 as reported previously.
The net modal gain coefficient (G) was also characterized via VSL measurement 10,27 , which we performed at different pump intensities, by using the integrated intensity of the recorded PL spectra as a function of the stripe length ( ) and employing the expression To examine the stability of the light amplification in CdSe/CdS@Cd1-xZnxS C/C@GS NPLs, we continuously pumped the ASE sample up to 36 ×10 6 laser shots (at 1 kHz repetition rate), which corresponds to overall 10 h of continuous excitation. The excitation intensity was ~7 01 , which is almost 10-fold larger than the ASE threshold. As shown in Figure 3e , the ASE intensity is stable up to ~9.5 h, which is the record long stable ASE among all colloidal semiconductor NCs including CQDs 29 and NPLs 30 , to the best of our knowledge. Therefore, our C/C@GS NPLs offer 14 an effective architecture to substantially improve the optical gain stability issue of colloidal semiconductor NCs as a gain medium, owing to ultralow ASE threshold which is enabled by stimulated emission in the sub-single exciton regime and excellent passivation of the structure (top, bottom and lateral surfaces) with the crown and shell layers.
Finally, owing to highly efficient optical gain performance of our engineered CdSe/CdS@Cd1-xZnxS C/C@GS CQWs, we incorporated these NPLs (with 4-ML shell thickness) as a gain medium into a vertical-cavity surface-emitting laser (VCSEL).The optical resonator was fabricated by using a pair of distributed Bragg reflectors (DBRs), the reflectance of each of which reaches ~96%
at the emission wavelength of the NPLs while keeping lower than ~10% at the excitation wavelength (400 nm). Then, a close-packed solid film of these NPLs was sandwiched between the DBRs (see Methods). The emission spectrum of the CQW-VCSEL is depicted in Figure 4a (Fig. 4b ) with a well-defined spatial coherence profile (spot in Fig. 4d ). This lasing threshold is the lowest among all previously reported colloidal semiconductor NC-based VCSELs, for which the next lowest reported lasing threshold is ~60
01 . 2 As can be seen in Figure 4b , the pump-dependent emission displays an S-shaped curve (lasing intensity saturated at the elevated pump fluences > 15.2 01 ) which is one of the characteristic identifications of the lasing action. The ratio (R) of the polarization can be defined as R = ( ∥ − j )/( ∥ + j ) 31 , where ∥ and j is the intensity parallel and perpendicular to the optical axis, respectively. Figure 4c shows the lasing emission with respect to the polarizer angle, the dumbbell distribution of the measured data (symbols) indicating a linearly-polarized emission of our fabricated laser, which is well fitted by a quadratic cosine function (cos 1 ( )) where R = 0.82 (see SI).
In conclusion, the conducted study presents the first demonstration of light amplification in sub- 
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Methods
Ultrafast transient absorption measurements. TA spectroscopy was performed using a Helios TM setup (Ultrafast Systems LLC) and in transmission mode with chirp-correction. The white light continuum probe beam (in the range of 400-800 nm) was generated from a 3 mm sapphire crystal using 800 nm pulse from the regenerative amplifier. The 400-nm pump laser pulses were generated from a 1 kHz regenerative amplifier (Coherent Libra TM ). The beam from the regenerative amplifier has a center wavelength at 800 nm and a pulse width of around 150 fs and is seeded by a mode-locked Ti-sapphire oscillator (Coherent Vitesse, 80 MHz). The 400-nm pump laser was obtained by frequency-doubling the 800-nm fundamental regenerative amplifier output using a BBO crystal. The pump beam spot size was ~0.5 mm. The probe beam passing through the sample in cuvette was collected using a detector for UV-Vis (CMOS sensor). All measurements were performed at room temperature in solution (hexane) with stirring.
ASE measurements.
As the pump source, we used a femtosecond mode-locked Ti: sapphire regenerative amplifier (Spectra Physics, Spitfire Pro) having a 120fs pulse width and a 1 kHz repetition rate, operating at the frequency-doubled output (400 nm by using a BBO crystal). A variable neutral density filter was employed to change the pump fluence on the sample. For the stripe geometry excitation, a cylindrical lens with a 10 cm focal length was used. Then, the photoluminescence signal was collected at the end of the stripe by a fiber coupled to a spectrometer (Maya 2000 Pro), where the collection was perpendicular to the excitation. For the ASE samples, we fabricated a thin film of CdSe/CdS@Cd1-xZnxS C/C@GS CQWs by using a highly concentrated solution (40-50 mg mL -1 of the CQWs in hexane) via spin-coating (at 1,000 rpm for 1 min) on quartz substrates.
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VSL measurements. Sample preparation was very similar to ASE samples. The optical setup was slightly modified, where an adjustable slit was used to vary the length of stripe on the sample and also to minimize the effect of light diffraction, the sample was placed as close as possible to the slit (~4-5 mm). To ensure 1D amplifier assumption and to maximize the ASE intensity from the edge of sample, the length of the excitation was adjusted to be ~120 m. The PL signal was collected at the edge of the sample.
Fabrication of the CQW-VCSEL. To fabricate highly reflective DBRs for CQW-VCSELs, eight pairs of SiO2/TiO2 (with the optical thickness of silica and titania chosen as quarter-wavelength emission of CQWs) were deposited on quartz substrate via sputtering. A narrow stripe of 120 mthick Kapton tape was placed at the edge of one of the DBRs. On the other side, using an epoxy, two DBRs were stick to each other by applying slight pressure, and then the tape was removed.
This creates a finite wedge-shaped structure between two DBRs, which provides a built-in thickness variation in the resulting vertical cavity. Finally, a highly concentrated (50-60 mg mL -1 ) CQW/hexane was poured and dried between two DBRs, together with which formed a cavity length variable Fabry-Perot resonator.
S1. Synthesis of core/crown@gradient-alloyed shell CdSe/CdS@Cd1-xZnxS colloidal quantum wells
Preparation of cadmium myristate: Cadmium myristate was prepared according to a previously reported recipe 1 . 1.23 g of cadmium nitrate tetrahydrate was dissolved in 40 mL of methanol and 3.13 g of sodium myristate was dissolved in 250 mL of methanol. When both the powders were completely dissolved, the solutions were mixed and stirred vigorously for 1 h. Cadmium myristate was formed as a precipitate, which was then removed by centrifugation and washed by redispersing in methanol to remove any unreacted and/or excess precursors. After repeating the washing step for at least three times, the precipitated part was completely dried under vacuum overnight.
Synthesis of the 4ML thick CdSe core NPLs:
The synthesis followed the recipe reported previously with slight modifications 1 . 170 mg of cadmium myristate, 12 mg of Se and 15 mL of ODE were loaded into a three-neck flask. After degassing the mixture for 1 h at room temperature, the solution was heated to 240 °C under argon atmosphere. When the solution turns bright orange (generally around 190-200 °C), 80 mg of cadmium acetate dihydrate was swiftly added to the reaction solution. After reaching 240 °C, the solution was cooled to room temperature and 0.5 mL of OA was injected. CdSe NPLs were precipitated by adding acetone and dispersed in hexane.
Size-selective precipitation using centrifugation at different speeds was used if any additional sizes of NPLs were formed.
Preparation of anisotropic growth solution for CdS crown:
A previously reported procedure was followed with slight modifications 1 . For the preparation of cadmium precursor, 480 mg of cadmium acetate dihydrate, 340 μL of OA, and 2 mL of ODE were loaded in a beaker. The solution was sonicated for 30 min at room temperature. Then, it was heated to 160 °C in ambient 24 atmosphere under continuous stirring and alternating sonication until the formation of whitish color homogeneous gel. After the cadmium precursor was prepared, it was mixed with 3 mL of 0.1 M S-ODE stock solution and used for the CdS crown coating.
Synthesis of CdSe/CdS core/crown NPLs: A typical core-seeded synthesis method reported previously was used with slight modifications. 1 A portion of the 4 ML core synthesis in hexane and 15 mL of ODE were loaded in a three-neck flask. The solution was degassed at 100 °C for the complete removal of hexane. Then, the solution was heated to 240 °C under argon flow and a certain amount of anisotropic growth mixture for CdS crown was injected at the rate of 12 mL/h.
After obtaining the desired crown size by adjusting the injection amount, the resulting mixture was further annealed at 240 °C for 5 min. After that, the solution was cooled down to room temperature and the core/crown NPLs were precipitated using ethanol. The NPLs were cleaned three times with ethanol and methanol to remove any traces of unreacted precursors, which was crucial for the shell growth step using c-ALD. Lastly, they were then dispersed in hexane to be used for the shell deposition.
Synthesis of CdSe/CdS@Cd1-xZnxS core/crown@shell NPLs: We used a modified procedure of our c-ALD recipe reported previously. 2,3 1 mL of core/crown NPL seeds in hexane (having first absorption peak at 514 nm) were kept for use such that 100 µL of these NPLs dissolved in ~3 mL hexane had an optical density of ~2 at 370 nm. For cation precursors we used 0.4 M cadmium nitrate tetrahydrate (Cd-nitrate) and 0.4 M zinc nitrate hexahydrate (Zn-nitrate) solutions in NMF.
For sulfur precursor we used 40-48 wt% solution of ammonium sulfide in water. Specifically, for the first sulfur shell growth, we added 40 µL of ammonium sulfide in 4 mL NMF and under vigorous stirring added 1 mL of CdSe/CdS core/crown seeds, which we had prepared separately.
After 2 minutes of stirring when all the NPLs had entered the NMF phase from hexane, the reaction 25 was stopped by quickly adding acetonitrile and excess toluene to precipitate the NPLs via centrifugation. This cleaning step was repeated once more by redispersing the NPLs in NMF and precipitating them using acetonitrile and excess toluene to remove any remaining sulfur precursor.
Finally, the NPLs were dispersed in 4 mL of NMF for the next cation deposition step. Next, we for the potential profile given in Figure S1 :
where mz is the effective mass of electron (hole), V(z) is the potential arising from conduction (valence) band offsets, and Ψ(z) is the wave function of electron (hole). We assumed the even parity for the symmetry of first excited states and solved the TISE for > 0. Then, because of the symmetry, we reflected the obtained solution to < 0.
To solve the problem, we divided the right half of the potential well into five regions, as indicated in Figure S1 , and write the general solutions for each region:
Region I, by assuming even symmetry: Then, we solved the equations for electron (hole) by using the following boundary conditions:
To do so, "A" assumed to be 1 for finding the general solution, and then it was obtained by applying the normalization condition:
In our calculations, for the value of effective masses and band offsets, we used the data that are given in Ref. S3 .
Solutions;
At the interface between Region I-II ( = ):
From Equations S2 and S3 and by applying the boundary conditions of S4 and S5: wavefunctions for CdSe/Cd1-xZnxS core/alloyed-shell of 4+2N MLs, with N=4 MLs (shell thickness).
As can be seen in Figure S2 , in our engineered heterostructure of CQWs, the hole wavefunction is mostly confined in the core region due to large band offset (0.52 eV) and heavy effective mass (0.89 mo) from −0.6 to +0.6 nm in Figure S2 . However, the electron wavefunction relaxes to the shell region, because of the weak potential barrier of the conduction band (~0.1eV) and light electron effective mass (0.13 mo). Consequently, this partial separation of electron and hole wavefunctions results in quasi-type-II band alignment. The calculated Zn concentration in each layer of shells is given in Table S1 .
31 Table S1 . Calculated the Zn concentration of in CdSe/CdS@Cd1-xZnxS core/crown@gradient-alloyed shell NPLs.
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S4. Biexciton Auger recombination lifetime calculation.
By using the method that we mentioned in the main text, we employed a simple subtractive process to derive single exponential decay dynamics as previously used for CQDs 5 . The biexciton Auger recombination rate as a function of the shell layers is shown in Figure 2e . 
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S5. Amplified spontaneous emission measurement
We examined amplified spontaneous emission (ASE) of different samples in the same setup. To do so, we prepared the thin films of CdSe/CdS@Cd1-xZnxS C/C@GS CQWs, by applying the similar recipe for all samples. 
Polarization measurements of output laser beam:
To characterize the polarization state of the laser emission, a linear polarizer was placed between the cavity output and spectrometer. By varying the angle of the polarizer, the signal was collected at the spectrometer. The luminescence intensity of the cavity is depicted as function of the detection angle in Figure S6 , where the polarization ratio was found to be 9.09.
